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Abstract. Some aspects of lightlike dimensional reduction in flat spacctimc 
are studied with emphasis to classical applications. Among them the Galilean 
transformation of shadows induced by inertial frame changes is studied in 
detail by proving that, (i) the shadow of an object has the same shape in 
every orthogonal-to-light screen, (ii) if two shadows are simultaneous in an 
orthogonal-to-light screen then they are simultaneous in any such screen. In 
particular, the Galilean group in 2+1 dimensions is recognized as an exact 
symmetry of Nature which acts on the shadows of the events instead that on 
the events themselves. The group theoretical approach to lightlike dimensional 
reduction is used to solve the reconstruction problem of a trajectory starting 
from its acceleration history or from its projected (shadow) trajectory. The 
possibility of obtaining a Galilean projected physics starting from a Poincare 
invariant physics is stressed through the example of relativistic collisions. In 
particular, it is shown that the projection of a relativistic collision between 
massless particles gives a non-relativistic collision in which the kinetic energy 
is conserved. 
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[. . . ] they see only their own shadows, or the shadows of one another, which the 
fire throws on the opposite wall of the cave [...]. To them, I said, the truth would 

be literally nothing but the shadows of the images. 

Plato, The allegory of the cave, 
Book VII of the Republic 



1. Introduction 

In the famous book The Republic Plato, talking to one of his followers, Glaucon, 
introduced a powerful image, The allegory of the cave, in order to explain how much 
the knowledge can make the man free. 

Plato imagined some "observers" chained since their childhood and constrained 
to look in front of them at a wall in the deep of a cave. Light came behind them 
projecting their own shadows and the shadows of other objects and people on 
the wall. According to Plato the chained observers would identify themselves and 
the other objects with their respective shadows, eventually loosing their ability to 
perceive the third space dimension. 

To the physical minded reader Plato's allegory represents the first historical 
example of a dimensional reduction process. Indeed, Plato's thought experiment 
represents a particular type of dimensional reduction, that is, a lightlike dimensional 
reduction. It differs from that considered much later by Kaluza and Nordstrom |27] 
(spacelike dimensional reduction) or from that used in the hydrodynamic formalism 
of general relativity or in the study of stationary metrics (timelike dimensional 
reduction) . In this work we shall study how the physics laws on the full spacetime 
reduce to the quotient spacetime. A general feature will be that relativistic physics 
projects to non-relativistic physics. In Plato's allegory terms: the chained observers 
would not be able to observe any relativistic effect, independently of the speed 
reached by the shadows, that is, at any degree of accuracy. 

Our notations are as follows. Let d E N. The indexes i,j,k, take the values 
1, . . . , d + 1, the indexes a, b, c, take the values 1, . . . , d. Vectors in ci-dimensional 
vector spaces are denoted in boldface, so that v a reads v. The Greek indexes 
a, (3, fi, v, take the values 0, 1, . . . , d + 1, and the indexes A, B, C, take the values 
0,1, ... ,d. For compactness the transpose of a vector is denoted with the same 
letter. On Minkowski spacetime M of dimension (d + 1) + 1, we use coordinates 
{x^}, fi — 0, 1, . . . , d + 1, the spacelike convention 7700 = — 1, and units such that 
c = 1 . In the list of commutation relations defining a Lie algebra we shall omit the 
vanishing ones. 

Mathematically the study of lightlike dimensional reductions began in a 1929 
work by Eisenhart (10) who showed that the trajectories of a Lagrangian system 
with d degrees of freedom 



(1) 



L(q a , q a , t) = \a ab {q)q a q b + b c (q)q c - U(q), 
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may be obtained as the projection of geodesies of a d + 2-dimcnsional Lorentzian 1 
spacetime of metric ^3 EB1 2 



where C is an arbitrary constant. The trajectory {q°, q a (q°), q d+1 (q )} can be 
regarded as an affine parametrization of a geodesic of the Eisenhart metric J5J with 
respect to a natural parameter J2H], s = t = q°. Moreover, every solution of the 
Lagrangian system can be regarded in this way. The Eisenhart metric takes its 
simplest and most symmetric form in the case of a free classical particle ai, c = 
5bc, b c = 0, U = 0. Remarkably in this case the Eisenhart metric becomes the 
Minkowski metric as can be seen introducing alternative coordinates x 1 = q l , x° — 



This result was the first signal of an interesting correspondence between Poincare 
invariance and Galilei invariancc in a lightlike reduced spacetime with one dimension 
less. Nevertheless, it took half a century to fully realize the correspondence. Some 
progress was made after the impulse of Dirac's work [S] that led to the so called 
front wave (or light front or infinite momentum frame) dynamics |SJ [201 E3 GUI • 
Later, a work by Bargmann |2j inspired a series of works where this correspondence 
was fully appreciated and led to the Bargmann structure approach to the Newton- 
Cartan theory ^| El El E| ■ The algebraic conditions at its foundations were 
slightly weakened in subsequent works ^H] . In both lines of research the authors 
were involved in quantum mechanical problems. In the former case the authors 
studied an alternative formulation of quantum field theory by using null Cauchy 
surfaces. In the latter case the authors considered the (d + 1) + 1 spacetime mainly 
as a tool for expressing in a simple way the symmetries of Galilei invariant quantum 
mechanical systems in d + 1 spacetime dimensions. 

In this work we focus on classical applications of lightlike dimensional reduction. 
Indeed, we feel that already at the classical level this structure may have interesting 
applications. For instance, the correspondence between Poincare invariance and 
Galilei invariance in a lightlike reduced spacetime may be grasped particularly well 
in its simplest application: the study of the transformation properties of shadows 
under inertial frame changes. In order to keep the work at a reasonable size we 
shall limit ourselves to the flat spacetime case as it has some peculiarities which are 
worth studying in their own right. Indeed, in Minkowski spacetime the Poincare 
group is left unbroken and the group theoretical approach becomes particularly 
advantageous. On the contrary, in the curved spacetime case differential geometric 
tools should be preferred, and new concepts such as the mentioned Bargmann 
structures or Eisenhart 's spacetime should be introduced. 

This work is organized as follows. 

^The Lorentzianity of the metric follows immediately by introducing the base of 1-forms u>° = 
dq°, uj a = dq a , u} d+1 = dq d+1 + (U + l/2)dg° — b c dq c and by taking into account the positive 
definiteness of a(, c . 

2 In our convention the roles of q° and q d+1 are inverted with respect to 1231 Book II, Sect. 11] 
and there is also a different choice of sign. 



(2) ds 2 = a ab dq a dq b + 2b c dq c dq° - (2U + l)(dg ) 2 -2dq°dq 

where q° = t and q d+1 is an auxiliary variable. 

In particular given a solution of the dynamical system q a (t), set 



(3) 
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In section |21 we model our problem by considering a distant source of light 
and some sets of inertial observers suitably oriented with respect to the 
direction of light (subsection 12.1(1 . Then the groups acting transitively 
on each set are studied (subsection 12.2(1 , and it is shown that suitably 
accelerating and rotating observers can have comoving inertial frames which 
keep staying, time by time, in the same original set (subsection I2.2JI . In 
subsection it is shown that a subgroup of the Poincare group is in fact, 
a central extension of the Galilei group. Thus, although the Galilei group 
does not act on events, its action is well defined on the quotient space Q of 
their shadows. The application to the transformation properties of shadows 
is studied in detail (subsections 12.51 and 12.6(1 , and several conclusions are 
finally drawn (subsection 12.7(1 . 

Section is devoted to various reconstruction problems. First, the prob- 
lem of reconstructing the trajectory starting from the decomposition of 
the proper acceleration in acceleration along the direction of light and or- 
thogonal to it is considered. A new particular (lightlike) parallel transport 
related to the presence of a preferential lightlike vector is introduced by 
means of group theoretical methods, and it is shown to give rise to an ab- 
solute transverse orientation (subsection 13.1(1 . The new parallel transport 
is completely integrated and the relevance of this solution for the problem 
of autonomous spacetime navigation is emphasized (subsection 13.21) . In 
subsection 13.31 the problem of reconstructing a trajectory starting from its 
shadow is considered, and the relation with the classical action is pointed 
out. In subsection 13 . 41 a formula for the time dilation given the acceleration 
history of a non-inertial observer is obtained. It is the first formula of this 
kind developed in three or more space dimensions, the analogous problem 
for a decomposition of the acceleration with respect a Fermi- Walker triad 
being still open. In the last subsection 13 . 51 we point out that the knowledge, 
by an inertial observer, of the sky position and longitudinal frequency of 
a signal emitted by a source does not allow to deduce the behavior of the 
distance. A position drift may always occur which is related to the classical 
action. 

Section 0] is devoted to an example in which the projection of a Poincare 
symmetry into a Galilei symmetry becomes particularly clear, that is, that 
of a relativistic collision which projects into a non-relativistic collision. The 
reduced Lagrangian is calculated showing that it is of classical type and the 
kinetic and internal energies are identified. It is shown that any shadow 
worldline has an associated (inertial reference frame) invariant, i.e. the 
shadow mass, which plays the role of a non-relativistic mass. The conser- 
vation of shadow mass, momentum and energy is shown to follow from the 
conservation of relativistic momentum in the full spacetime. Although the 
kinetic energy is not necessarily conserved, it is shown that it is conserved 
in the projection of a relativistic collisions between massless particles. Fi- 
nally, the inverse problem of finding the relativistic collision from which a 
non-relativistic collision comes from, is solved. 
In section we give some conclusions. 

In Appendix lAl a differential geometric formulation of the lightlike parallel 
transport is given. 
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• In Appendix [5] the formal analogy between the problem of transforming 
shadows between different inertial frames, and the problem of transforming 
the photon polarization vector is pointed out. Some ambiguities regarding 
the role of the transverse Galilean boosts generators in this context are 
clarified. 

2. Shadows and group aspects of lightlike dimensional reduction 

In this section the reader is introduced to the geometry of lightlike dimensional 
reduction through the study of shadows and their transformation properties. How- 
ever, we stress that the results of this section are not confined to the application to 
shadows, but are rather general properties of the geometry of lightlike dimensional 
reduction. 

2.1. Subsets of inertial observers, let M be Minkowski spacetime. By observer 
we mean a timelike worldline j(t) parametrized with respect to proper time and an 
orthonormal tetrad field {eo = d T , e^} over it. If the tetrad is parallely transported 
the observer is inertial. An orthonormal tetrad at m 6 M, {eo, e{\ with eo timclikc 
will be said to be an inertial frame since canonical coordinates {x^} with origin 
m can be introduced such that e M = d/dx 11 , ds 2 = n^dx^dx" . Sometimes an 
inertial frame will be denoted with the letter K. Thus every observer is a sequence 
of inertial frames K(r). The inertial frames of an inertial observer are related by 
time translations. 

Consider a point like source of monochromatic light X placed very far from a 
spacetime region IA C M of Minkowski spacetime. For an inertial observer inside 
IA the light coming from the source is described by a congruence of parallel null 
geodesies, the photons coming from the source having a well defined momentum 
p^. The inertial observers inside U, without changing their covariant velocity, can 
orient their own space axes {e^}, so that the photons travel in direction e^+i, 
p M = uj(1, 0, . . . , 0, 1) with a constant w possibly depending on the observer. We are 
focusing here on the subset S(p) of the inertial frames for which the null momentum 
p^ has the same spatial components up to a multiplicative constant. The subset 
S(p) splits into subsets S^ip) dependent on the value of the frequency lo measured 
by the observer, p l = up 1 . 

Let L(ed+i) C 50(1, d+1) be the little group of the null vector n M = (1, 0, . . . , 1) 
(by SO (I, d+1) we mean the connected component of the Lorentz group containing 
the identity), that is, the subgroup of 5*0(1,0?+ 1) which leaves n M invariant, and 
analogously let IL(ed+i) C ISO(l, d+1) be the little group with the translations 
included, L(ed+i) C IL(ed+i). Moreover, let G(e<2+i) be the group obtained from 
L(ed+i) by including the boosts in the direction e^+i, i.e. the group of those Lorentz 
transformations that send n M to a vector proportional to it, and let IG(ed+i) be 
the group obtained by including the boosts in direction e^+i to IL(ed+i), or the 
translations to G(ed+i). It is known [SH] that the group IL(ed+i) acts freely and 
transitively on S UJ (ed+i) and that the group IG{ed+\) acts freely and transitively 
on S(ed+i)- Under changes of n the groups remain the same up to isomorphisms. 

The group IG(ed+i) represents Poincare transformations between inertial frames 
for which the light from £ comes from the same direction — e^+i- The group 
IL(ed+i) represents Poincare transformations between inertial frames for which 
the light from S comes from the same direction — ed+i with the same frequency. 
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Figure 1. Shadow of an object on the plane perpendicular to 
the last axis. The worldlines of the points at rest with the plane 
span on spacetime the hyperplane x d+1 = 0. Assume the plane is a 
semitransparent screen so that the shadow has different images, one 
for each orthogonal-to-light screen. How does the shadow image 
change under change of orthogonal-to-light screen? 



The groups G(e<j+i) and L(ed+i) add the condition that the related inertial frames 
share the same origin of coordinates. 

We assume that the inertial observers set up semitransparent screens perpen- 
dicular to the direction of light, at their respective coordinate x d+1 — in such 
a way that light comes from the region x d+1 < 0. In this way the shadow of an 
object projects on their respective screens leaving a dark image on each one. One 
should be careful because, although the screens of different observers are perpen- 
dicular to the same direction of light, the screens are in no sense parallel due to 
the aberration of light under boosts. Our aim is to show that the different images 
of the same shadow are related between the screens of observers in S LJ {ed+i) by 
a Galilean transformation and between the screens of observers in S[e.d+i) by a 
Galilean transformation plus a time scaling. 

This problem is somewhat related to that of finding how the appearance of the 
night sky transforms under Lorentz transformations [281 1291 126j . Whereas there 
one focuses on light reaching an event from all directions, here we focus on light of 
a given direction projecting on planes. 

2.2. The little group of the massless particle. Let us briefly recall how to 
construct L{ed+i) •''>.'! . Let 

(4) x" 1 = L» v x v - b», 

be a transformation in IL{ed+i). The invariance of the (d+2)-momentum 
reads L^ v n v = n*. Let = (1, 0, . . . , 0), the vector (it)" = L%t v is a unit vector 
that satisfies n^{Li)^ = (Ln) ■ {Li) = n ■ t = — 1. As a consequence Lt can be 
written 



(5) {Ltf = {l + C,-a\...,-a d ,0, 
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for a suitable a a and £ — a- a/2. The Lorentz transformation 

A + C 

(6) S(a)"„=(-a 

where I a b is the identity matrix, leaves n v invariant and sends t to Lt. Thus the 
Lorentz transformation L~ 1 S leaving invariant both t and n (and hence e^ +1 = 
n n _ £M) mus t be an element of SO(d), that is a rotation (iZ -1 )^ that leaves e<j+i 
invariant. The matrix R^ takes the form, with obvious notation, 

(7) R" u 

where R a b = R a & £ SO(d). The generic element L^ v of the little group L(ed+i) 
takes the form L^ v = S^gR° v or 

(8) L"„ = 

Note that the matrices of type © form an Abelian subgroup of dimension d, the 
so called 'translations' of the little group. From the expression |(SJ| we can recover 
the Lie algebra C(ed+i) of L{e,d+i)- The infinitesimal transformation has the form 

( J ab = Jab) 

(9) L~I+^n ab J ab + a a W a 

where W a are the generators of 'translations' and (here and throughout the work 
we omit vanishing commutation relations such as [W ai W b ] — while reporting the 
commutation relations of an entire Lie algebra) 

(10) [Jab, Jed] = SadJbc + SbdJad ~ SacJbd — SbdJac, 

(11) [W ai J bc ] = 5 ab W c - 5 ac W b , 

thus L(ed+i) is isomorphic to the group ISO(d). From © one can also find the 
expression of these generators in terms of the generators of the Lorentz group 

(12) [J al3 ,J~< 5 } = r) a5 J f3 ' y +r)l 3 iJ a5 -ri a ' y jl 35 -r) f35 J a ' y . 

Indeed, the usual matrix representation of the group x'^ = hf' v x v induces the Lie 
algebra representation ( J a/3 ) M „ = r] afl S^ — r/^^S". From the infinitesimal version of 
Eq. (JSJ) we obtain 

W a = J° a - J d+la , 

and, as the notation suggests, J ab is nothing but J M „ with the indexes restricted to 
the values 1, . . .d. Moreover, as expected, {J a bY v n v — iyV a Y v n v = 0. 

2.3. Poincare group, inhomogeneous little group and non-inertial ob- 
servers. The infinitesimal Poincare transformation x'^ — K^ v x v — 6 M in a (d+l) + l 
spacetime can be written 

(13) I+Ul afj J aP -b^, 
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where the generators J a , P 7 , satisfy the Lie algebra 

(14) [J al3 ,J~< s } = T) ai ' + r]^ J aS - rj a ~< J fiS - r] 06 'J a '< , 

(15) [F Q ,J^] = jfVp-i-jf-ipP. 

We shall write H = P°. 

Any non-inertial observer passes through a sequence of inertial frames K(t). The 
coordinate transformation between K(t) and K{t + At) is an infinitesimal Poincare 
transformation I + \Cj a pJ a0 dT + Hdr where the space translations do not enter. 
Indeed, the presence of space translations would imply a violation of causality. Here 
the motion is regarded as a sequence of infinitesimal time translations, boosts and 
rotations. The infinite product of those infinitesimal transformations may generate 
space translations that, however, are not present in the infinitesimal transformation. 

Let £j^(t) — ^v( t )[ x1 k(o) — X ^( T )] be the Poincare transformation from K(0) 
to K(t). Here X ^( T ) are the coordinates of K(t), and x^(t) represents the origin 
of K{t) with respect to K(0). This general transformation arises from an infinite 
product of the said infinitesimal transformations. The covariant velocity of K(t) in 
its own coordinates is 8£ hence the covariant velocity of K(t) in if(0)'s coordinates 
is u»(t) = (A" 1 )^. We have 

(16) A A = lQ a p{r)J^\, 

(17) x^(r) = [ T dr'(A-\r')r Q . 

The motion of the non-inertial observer can be recovered from the knowledge of 
uj a /3(r). Its physical meaning is the following. The acceleration of the non-inertial 
observer in K (0)'s coordinates is ^(A -1 ^'))^ hence the acceleration of the non- 
inertial observer in its own coordinates is 

a^A^A (A -Yo = -^o- 

The tilde reminds us that a M is not only the covariant acceleration a^, which makes 
sense in arbitrary frames, but the covariant acceleration in the coordinates of the 
accelerating frame (hence a° = 0). The components of the acceleration in the 
non-inertial observer's axes are cD M ° = iu ^. Analogously a? 3 = u>ij represents the 
tensorial angular velocity of the non-inertial frame in its own coordinates. 

Now, let us consider a non-inertial observer such that K(r) passes through in- 
ertial frames belonging to S u (ed+i)- Let a^( r ) = ^ Ai i/( T )[ x x(o) — X ^( T )} be the 
inhomogeneous little group transformation from K(0) to K(t). This time we have 
that L(t + dr) = (/ + \uj ab dTj ab + a a drW a )L. Using the expression for W a , we 
obtain the constraints 

(18) ~a d+l = c^+ 10 = 0, 

(19) a a = [u 0a = -u d+ i a = a a . 

In other words the non-inertial observer may keep staying time by time into S^ied+i) 
despite its non-inertial motion provided (i) its acceleration along the direction ej+i 
vanishes and (ii) (this interpretation holds only for d = 2 in which case an angular 
velocity vector can be defined), the projection of the angular velocity vector on the 
plane perpendicular to ed+i and the acceleration are perpendicular to each other 
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and of the same magnitude, moreover, their vector product equals ed+i up to a 
non-negative factor. 

Due to the different dimensionality of acceleration and angular velocity we find, 
restoring c, that the projected angular velocity is indeed very small. It is required 
in order to correct for the aberration of light due to the acceleration which would 
change the night sky position of the source £ from the direction — ed+i- 

2.4. The Galilei quotient group. Let 

(20) M = H-P d+1 , 

in such a way that the infinitesimal transformation in IC(e<i+i) reads 

I + ^fl ab J ab + a a W a - b b P b + (b°- b d+1 )H + b d+1 M. 

The Lie algebra XC(ed+i) in terms of the generators J a b, W a , P a , H and M is 
obtained by adding to Eqs. I|1U M 11 |) the commutations relations that follow from 
Eq. (O 

(21) [Pa,Jbc] = $abPc~S ac P bl 

(22) [Wa,H] = P a , 

(23) [W a ,P b ] = S ab M. 

The generators J a b, W a , P a and H would form a Galilei subalgebra Qal(d) given by 
the only non- vanishing commutation relations (|10|) . jP) , (|21|l and IL'l'l) if the right 
hand side of would vanish. Since M commutes with the other generators, XL 
is a central extension of the Galilei algebra Qal{d) in d + 1 spacetime 

(24) -» {M} -» IC(e d +i) -> Gal(d) 0, 

where {A4} is the 1-dimensional Lie algebra spanned by M.. 

The inequivalent central extensions of the Galilei algebra have been classified 
by Bargmann [2] for the case d > 3 and by Bose 0] for the case d = 2. The 
vector space of inequivalent extensions is one dimensional in the former case and 
three dimensional in the latter case. Thus, the central extension considered here 
is the only one available for d > 3, and in particular it is the one that makes 
sense physically. Indeed, in quantum mechanics the unitary ray representations of 
a group G are induced by the unitary representations of the central extensions of 
the universal covering of G, G*. Bargmann has shown that the projective unitary 
representation of the Galilei group that makes sense physically is the one obtained 
from the central extension considered above. The operator M, in that quantum 
mechanical context, is known as the mass operator. Its presence implies the mass 
superselection rule which forbids the superpositions of states with different mass 
[221 13*3*] . We shall see below that it has the same meaning in our classical context 
with the difference that by mass here we shall mean the one that makes sense in a 
suitable d+1 Galilean spacetime Q. In the application to shadows, for instance, it 
will be called the shadow mass, to distinguish it from the mass of the particle that 
projects the shadow. 

Let N be the 1-dimensional normal subgroup generated by M, then IL(ed+i)/N ~ 
Gal(d) has the correct Lie algebra. The central extension at the group level is 

(25) 1 -> JV(~ Ti) -f IL(e d+ i) Gal(d) -► 1. 
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x 



Figure 2 . The decomposition of the event of coordinates into 
transversal (shadow) position x, hitting time t, and longitudinal 
coordinate x d+1 . The interpretation of x as the position of the 
shadow makes sense only if x d+1 < 0. 

The group Gal(d) does not act on events of coordinates x^ but rather on the 
worldlines of the form Nx. Since M. = H — P d+1 = —P^n 7 , the effect of an 
element of N on x 11 is that of adding a vector proportional to i.e. the elements 
Nx are the light rays emitted from S. The reduced spacctime Q is the space of 
null geodesies of M of direction rt L . The dimensional reduction of M onto Q along 
a lightlike direction n sends the little group IL(ed+i) into the Galilei group. Thus, 
at least for the case d — 2 we can regard the Galilean symmetry in 2+1 spacetime 
as an exact symmetry of Nature rather than as an approximate symmetry for small 
velocities. In order to reveal this symmetry one has to focus on the shadows of the 
objects in place of the material objects themselves. On the contrary, the Galilean 
symmetry of the full 3 + 1 spacetime remains an approximate symmetry valid only 
for small velocities. 

2.5. The transformation of shadows. Chosen an inertial frame in S ul (ed+i) of 
coordinates {x 11 } every event x M admits the unique decomposition (t = x° — x d+1 ) 



The parameter t represents the time at which the light beam from £ passing through 
x^ hits the surface (screen) x d+1 = 0. The vector x gives the hitting point on the 
screen (see figure |2J . By shadow of event x we mean the null geodesic of direction 
n M passing through x or its representative (t, x). Note that physically the shadow 
exists only if the object of worldline x^{t) that projects the shadow passes between 
the source and the screen, x d+1 (r) < 0. We shall not impose this condition because 
it is not restrictive (the frame origin can be translated) and because we are more 
interested on the mathematical definition of shadow. 

The shadow of a (C 1 ) particle worldline x M (A) is that shadow worldline x(t) = 
x(A(t)) composed of the shadows of the events of the original worldline. We shall 



(26) 
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assume that x^(A) is causal, future pointing and that ckc^/dA is not proportional to 
tt/ 1 , that is tt-^j" < => dt/dX > 0, then x(i) is future pointing in the sense that 
t(X) is increasing. In this work we shall consider massive and massless particles 
on M. One should be careful with the massless particles having a four momentum 
proportional to , since they have a special role. They do not project on worldlines 
x(i) but rather on isolated events (£, x). Thus such particles represent the events 
of our reduced Galilean spacetime Q rather than the particles moving on it. 

Since the light ray passing though x is determined by the parameters t and x one 
would expect that under a transformation in IL(ed+i) these parameters transform 
according to the Galilei quotient group. Indeed, this is the case. If x' is related to 
x by Eq. Q with IP V given by (jSJ then 

/x /d+1 +t'\ /f\ 
with 

(28) x' d+1 = x d+1 +t(- a a R ab x b - b d+ \ 
and (Galilei transformation) 

(29) t' = t-{b°-b d+1 ), 

(30) x' b = R b c x c - ta b - b b . 

The transformation (|28[l - i|3U|) makes it clear that the generators W a generate Galilean 
boosts on the d + 1 quotient spacetime. Their commutativity expresses the com- 
mutativity of Galilean boosts. 

In the coordinates x d+1 , t and x a the Minkowski metric reads 

(31) ds 2 = -dt 2 - 2dt dx d+1 + dx a dx a . 
It is invariant under the transformation (|28[) - H30|) . 

2.6. The inclusion of boosts of direction e^+i- In the previous sections we 
studied the group IL(ed+i) that acts freely and transitively on S UJ (ed+i)- The 
boosts in direction e^+i do not belong to this group since they would change the 
observed frequency u. Thus the inertial frames belonging to Su{&d+\), not only are 
suitably oriented but also their covariant velocity satisfies a constraint and is not 
completely general. The situation is quite different with the set S(ed+i)- up to a 
reorientation of the axes every inertial frame belongs to this set. It is important 
to generalize our conclusion to the group IG(ed+i) that acts freely and transitively 
on S(ed+i) as the results would hold for any observer as long as we identify an 
observer with its worldline. 

The subgroup G(ed+i) of the Lorentz group sends the null vector n M = (1, 0, 0, 1) 
to a vector proportional to it. 3 Let G M „ S G(ed+i), we have G%n v = e~ r ^ 
for a suitable constant r(G) (by Lorentz group we mean the connected component 
which contains the identity, thus, since it sends the forward light cone into the 



(27) 



The group G(e,j + i) sends the null plane n^x^ = into itself. This fact explains the close 
relation between this work and studies on front wave dynamics. 
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forward light cone, the proportionality constant is positive). The ratio between the 
frequencies in the two frames is u)'/u = e~' r . Note that the boost 

(cosh r — sinh r\ 
6% . 
— sinh r cosh r I 

satisfies B^(r, e d+ i)n v = e - r n>*. Thus V G V a n^ = n^, that is U l a = B~ xi " v G v a 
belongs to the little group L(ed+i)- The parametric form of G^ v = B^L^ a is 

(coshr + e~ r £ —e~ r a c R cb —sinhr — e~ r A 
-a a R a b a a 

— sinhr + e~ r ( —e~ r a c R cb coshr — e~ r ( J 

Using the decomposition (|26|l the generic IG(ed+i) transformation, x"* = G^ v x v — 
& M , takes the form 

x ld+1 = e- r x d+1 + t(e- r (- sinhr) - e - r a a R ab x b - b d+1 , 

(34) t' = e r t~(b° -6 d+1 ), 

(35) x' b = R b c x c -ta b -b b . 

Let K d+1 = J od+1 . The Lie algebra of IG(e d+1 ) is spanned by J ab , W a , P b , H, M 
and K d+1 and has non-vanishing commutations relations given by Eqs. (|10|l . (flip . 
(EH, (EH), (E3 and 

(36) [K d+1 ,H] = H-M, 

(37) [K d+1 ,M] = -M, 

(38) [if d+1 ,V^ a ] = -W a . 

Fortunately X — {M.} is still an ideal for the enlarged Lie algebra, and N = expX 
is a normal subgroup. The quotient group IG(ed+i)/N has a well defined action 
on the space Q of light rays Nx. The Lie algebra of IG(ed+i)/N is spanned by 
Jab = Jab + 1, W a = W a + 1, P b = P b + 1, H = H + X, and K d+1 = K d+1 + 1 
and satisfies the non-vanishing commutation relations 



(39) [Jab, Jed] — SadJbc + SbdJad ~ S ac Jbd ~ SbdJac, 

(40) [W ai J bc ] = S ab W c - 8 ac W b , 

(41) [Pa,Jbc] = S ab P c -6 ac P bl 

(42) [W a ,H] = P a , 

(43) [K d+ \H] = H, 

(44) [K d+ \W a ] = -W a . 



This is the Lie algebra of the Galilei group plus time dilations whose action on Q 
is given by Eqs. Ij34(l and (|35|l . The boost K d+1 on directions e^+i generates time 
dilations in the quotient spacetime. 

The study of section I2"3l on the non-inertial observers can be generalized. The 
result is that condition (i) of that section can be dropped. In order to stay time by 
time in S(ed+i) an observer must satisfy the following condition. The projections 
of the angular velocity vector and acceleration on the plane perpendicular to ed+i 
must be perpendicular to each other and of the same magnitude, while their vector 
product must equal ed+i up to a non-negative factor. Thus, contrary to what 
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Figure 3. The observer O' has velocity v = ve2 with respect 
to O and is slightly rotated in such a way that for both frames 
the light from £ has direction along the third axis. Consider two 
light beams from E. If they hit the first screen at the same time 
according to O's time then they hit the second screen at the same 
time according to (3"s. The Minkowskian distance d between the 
two pairs of events is the same which, due to the previous result, 
is another way to say that the distance between the spots on the 
'screen' a; 3 = as measured by O is the same of the distance 
between the spots on the screen x' 3 — as measured by O'. The 
moving screens in this figure are obtained from the system x' 3 — 
and x° — C, by varying C. 



happens for the S^e^+i) subset, here the acceleration is not constrained, since the 
angular velocity (orientation) can always be chosen such that the observer belongs 
time by time to S(ed+i)- 

As a consequence of Eq. (1341) . if two light spots are simultaneous in a frame 
belonging to S(ed+i) then they are simultaneous in every frame in the same set 
(universality of Galilean simultaneity). This property gives a way of splitting the 
space of null geodesies Q of direction n into subsets of 'simultaneous' null geodesies 
St where t is the time of arrival of the light beam on the screen of a representative 
observer in S(ed+i). These subsets are the planes n ■ x — enst. The label t is 
required in order to distinguish between the different sets but its actual value is not 
important. 

The Eq. I|35|l implies that the distance between two simultaneous light spots 
does not change under frame changes, that is, the scalar x a x a is an invariant. 
Thus, this scalar gives a well defined Euclidean metric on the d-dimensional space 
of simultaneous null geodesies of a given direction St ■ Figure EH summarizes these 
results. 

2.7. The shape invariance of shadows. Shadows are produced by the absence 
of a light. Where there is a dark spot we can think that a light beam has been 
screened by the object that produces the shadow. Shadows propagate as light does 
and thus we have found a transformation rule for shadows on perpendicular-to-light 
screens under inertial frame changes. The shadow of a pointlike particle worldlinc 
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is a pointlike shadow worldlinc which we can think as composed of a continuous 
succession of dark spots. 

Some observations are in order: 

: (i) Shadows do not deform their shape under the change of frame in S(ed+i). 
This result holds for non-inertial observers as well as long as they are ori- 
ented in such a way that the light from £ propagates in the direction of 
their axis e^+i (i.e. K(t) belongs to S(ed+i))- Indeed at any non-inertial 
observer proper time r, the statement holds for the image of the shadow on 
the screen of K{t) which coincides with that of the non-inertial observer. 
Thus, the shape of a shadow can not be deformed by the arbitrary motion 
of a orthogonal-to-light screen. 

: (ii) If a shadow changes in time in an orthogonal-to-light screen of an inertial 
observer, due for instance to the motion, rotation or deformation of the 
object that projects the shadow, then, up to a Galilean transformation, 
exactly the same projected movement is seen by a different inertial observer 
with possibly a different time rate if the respective frames are not related 
by an inhomogeneous little group transformation. 

: (iii) Since the Galilean group does not impose an upper bound on the veloc- 
ities we recover the known fact [21 Chap. 6] that shadows can move faster 
than light or, in more suggestive terms that "darkness is faster than light" . 

: (iv) A dark (or light) spot can be at rest in the screen of a suitable inertial 
frame as it happens if the object that projects the shadow is at rest in 
that same frame (or as it happens if a screen is opaque and has a hole). 
Reasoning in the rest frame one can easily conclude that the shadow of an 
object in uniform motion has the shape of the shadow of the object at rest 
taken with respect to a suitable direction. In particular the shadow of a 
sphere is always a disk (as it happens in the spherical picture case [2ED- 

: (v) As it is well known the attempt at defining what is a "rigid motion" in 
special relativity leads to several problems. Rigid motions are particularly 
restrictive (for instance, Born's rigidity does not allow to put into rotation a 
disk which was initially at rest) and ultimately, all the difficulties arise from 
the finite speed of light which makes any kind of "rigidity" constraint quite 
unnatural. Due to the same reason the "rigid body" does not exist in spe- 
cial relativity. Nevertheless, given a system of particles and a preferential 
lightlike direction n, it makes perfect sense to define its motion as shadow 
rigid if the shadows of the particles preserve their Euclidean distance in 
time. Due to the Galilean nature of the transformations, this definition is 
clearly independent of the orthogonal-to- light screen chosen. 

We recall that the little group of the massless particle L(e<2+i) has been investi- 
gated in connection with the classification of elementary particles 33 . There the 
generators W a were essentially removed from the little group algebra on the ground 
that the two degrees of freedom to which they give rise are not observed. Weinberg 
[52] concludes that the ISO(d) structure of the little group has no clear physical 
significance in particle physics and that the generators W a must therefore vanish 
in the unitary representation. In our physical problem the generators W a acquire 
the clear role of Galilean boosts for the transformation of shadows between inertial 
frames. The role of W a as 'translations' of the little group ISO(d) expresses the 
commutativity of Galilean boosts. 
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3. The reconstruction problem 

In this section we consider a non-inertial observer whose comoving inertial frame 
K(t) belongs to <S(e<j+i)- Our aim is to recover the motion of the observer starting 
from the (observable) acceleration a d+1 (r) along the longitudinal direction e^+i, 
the acceleration a a (r) along the transverse directions e a and the angular velocity 
tiabir) in the plane perpendicular to ed+i- Remarkably, the analogous problem in 
which the proper acceleration is decomposed with respect to a Fermi- Walker trans- 
ported tetrad has not yet been solved. Nevertheless, as we shall see, it can be solved 
in this case where, however, the orthonormal basis {u, e a , e^+i} is not Fermi- Walker 
transported because of the correction needed to reorient the axis ed+i after an infini- 
tesimal boost. In other words, whereas the Fermi- Walker transport is a consequence 
of the operator e a i K ' dT + HdT j m our case the infinitesimal boost (plus time transla- 
tion) has the form e^ aaW + a <i+i K + )dr+Hdr anc j therefore includes an infinitesimal 
rotation. The transport induced by the operator e ( a » wa + a d+iK d+1 )&T+H&T ^ g 
called lightlike parallel transport (relative to the null direction n^). A differential 
geometric characterization of this parallel transport will be given in appendix 1X1 

Let x> k< t ) = G^ v [x u K ^ —x^{t)\ be the transformation from K(0) to K(t). Taking 
into account the decomposition G^ v = B^S^R^, the operator that sends a^( ) 
to x'ir, \ can be written 

e r(r)K d+1 e a a (r)W a e ^n ab (T)J ab e t(r)H-x a (r)P a +x d+1 (r)M ^ 

where we used the decomposition of x^, l|26|) . We have to find an expression for 
r i T ), ot a (r), ri a b(r) (or alternatively R a b (r), see J7J), t(r), x a (r) and x d+1 (r) given 
a d+1 (r), a a (r) and o) b(r). The infinitesimal transformation of the observer can be 
modelled as a (proper) time translation followed by a transformation in L(e^+i) 

e a d+1 (T)K d+1 dT £ a a (T)W a dT e ±Q ab (T)J ab dT £ HdT 

Note that the space translations do not enter at the infinitesimal level, as they 
would imply a violation of causality. 

The dependence of r(r), a a (r), S} a i,(T), t(r), x a (r) and x d+1 (r) on time is re- 
covered from the constraint 

^ e a d +\r)K d + 1 dr e d a (T)W a dT e ^ ab (T).r b dT e HdT^ e r(r)K d + 1 
e a a (T)W a e ±n ab {T)J ab e t(T)H-x a {T)P a +x d+1 (T)M^ 
_ e r(T+dr)K d+1 e a a (T+dr)W a e ±a ab (T+dr)J ab 
t(T+dT)H-x a (r+dT)P a +x d+1 {T+dT)M 

In order to find r(r + dr), a a (r + dr), £l a b(T + dr), t(r + dr), x a (r + dr) and 
x d+1 (t + dr) , we have to use the commutation rules of XQ(ed+i) several times. The 
following observation will be particularly useful. The Campbell-Baker-Hausdorff 
formula 

(45) e A e B _ e A+B+^[A,B]+^ s [A,[A,B])^ 

is correct at any order if [B, [B,A\] = and [A, [A, B]] commutes with A, B and 
[A, B\. This fact implies the identity 

(46) e B e A ^e A e B e^ A ^e^ A ^\ 
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which is very useful in order to move e HdT on the right hand side of e a °' T ' 1v . Also 
from the expression Ij33|l or (|32|) it can be easily checked that 



and 



e HdT e r(r)K d+1 _ r(r )K d+1 e e~ r{T) H dr+sinh r(r)Mdi 



e a a {T)W a dT e r{r)K d+x _ e r(T)K d+1 e e r(T} a a (r)W a dr 



In the end we arrive at the following set of differential equations 

(47) ^ = ^ c R c b , 

(48) £ = ~a d +\ 



(49) 

(50) ^- = e r a a + £> b 



dr 
dfc 
dr" 
da a 
~dT 
dx a 



(51) ^- - e^rf , 

dr 

dx d+1 e~ r 

(52) — = sinhr + — a a a a . 

QT Z 

The lightlike parallel transport is obtained for uj a c — 0. Note that each one of the 
first three equations is independent of the others. It can be easily checked that 

, „ /coshr + ^-a a a a s 

(53) u" = -=— = e- r a b R ba 

dr I ~r 

\sinhr + ^^a a a a/ 

and u^u^ = — 1. Thus x^{t) is timelike as expected. 

An interesting consequence of Eq. l|4^|) is that if, for any r, K{t) £ ^(ed+i) 
for a suitable u>, then r — and t = t, that is the proper time of if(r)'s origin 
coincides with the proper time of its shadow on if(0)'s screen. 

3.1. Absolute transverse orientation. The equation (|47|l . although with a dif- 
ferent interpretation, has been studied in many references Fortunately, it can 
be completely integrated in the 4-dimensional spacetime case, since d = 2. Let u)* 1 
be the angular velocity vector 

then 6(t) = o) d+1 (r)dr. More generally the fact that Eq. (|47fl is independent of 
the other equations implies that K a b (T) (and hence i? /i l/ (r)) is independent of the 
acceleration history of the frame. This feature is due to the existence of an absolute 
transverse orientation induced by the lightlike parallel transport. In other words 
assume that oj a c = 0, then if the frame K(0) can be moved staying time by time 
into S(e<j+i) to K(r) it can not be moved to any other frame K'(t) which differs 
from K(t) only for a rotation which keeps ed+i fixed. The unique orientation of 
K(t), dependent on the choice of initial orientation of K(0), and the arbitrariness 
in the origin of coordinates of K(t), implies an absolute transverse orientation on 
spacetime. 
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To see this consider the following argument. On the set S(ed+i) (resp. S w (ed+i)) 
acts freely the subgroup IGP(ed+i) generated by K d+1 , W a , H, M, P a (resp. 
ILP(ed+i) generated by the same set without K d+1 ). The quotient space is isomor- 
phic to the group SO(d). Thus the set S(ed+i) (resp. S LU (ed+i)) splits into classes 
Sn(ed+i) (resp. Sn^(ed+i)) where the abstract symbol R belongs to the quotient 
space isomorphic to SO(d) and denotes the absolute orientation of the frame in- 
duced by the lightlike parallel transport. An observer belonging to Sfi(ed+i) can 
not move, at a later proper time, to a frame belonging Sr/ (ed+i), R' ^ R, if over it 
does not act an operator which does not belong to IGP(ed+i) (resp. ILP(ed+i)), 
i.e. if in the mean time uj ab = 0. 

The following fact can be easily checked using Ea. (|47(l - (|52(l . Let 

{R b ,r ,t ,a ,x ,x }(rj 

be a solution of the above equations given {oj' ab , d' a , a /d+1 }(r), then 

{R- b = Sir = r',t = if, a a = a' b R ,ba , x' a = x a ,x d+1 = x ,d+1 }{r) 

is a solution of the above equations given {uj ab — 0.d a — a'bR /ba , a d+1 = a /d+1 }(r). 
It follows that the integration of the system reduces to equation l|47|) . that can be 
completely solved if d = 2, and to the system ll4^1l - lt5^|) with uj ab = 0, R a b = S b 
which describes a lightlike transported frame. 

3.2. Integration of the lightlike parallel transport and spacetime navi- 
gation. We integrate the system in the case of a lightlike transported frame, i.e. 
u a b = 0, R a b = 5 b . Since for r = the frame of the non-inertial observer in S(ed+i) 
coincides with K(0) we have, to begin with, 



(54) r(r) = / a d+1 (r')dr', 

Jo 

(55) t(r) = f e-^'hlr', 

Jo 

(56) a a (r) = f e^a^T^dr' . 

Jo 

Eqs. (03 and <|5T)) imply 
(57) 



dx a 
~~dT 



that is, the shadow of i^(r)'s origin has a velocity on K(0)'s screen which equals 
the group parameter a a . Moreover, if K(t) G ^(e^+i) for any r then r = and 
using Eqs. (HHJ and (HI 

da a 

(58) — 

which means that the acceleration of the shadow on the screen equals the actual 
transverse acceleration measured by the non-inertial observer using comoving ac- 
celerometers. 

In general any timelike worldline x^(t) starting at the origin of K(Q) can be 
interpreted as the motion of the origin of a lightlike transported non-inertial frame. 
Given x M (r) one can calculate w M (r), hence r(r) = — ln(w° — u d+1 ), a a {r) = e r u a 
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and finally the longitudinal and transversal acceleration measured by the non- 
inertial observer through Eqs. (|48|) and H5()|l . The inverse problem of obtaining 
the trajectory from the measured acceleration is the reconstruction problem. 

The worldline x M (r) can be obtained without difficulties from Eqs. Q53J1. i|54|) 
and H56|) ■ The provided analytical solution of the reconstruction problem could be 
applied in futurable spacetime navigation. Far from the massive sources of gravity 
the spacetime is almost Minkowskian. A method that gives to the non-inertial 
observer a way to recover its own inertial coordinates would be welcome as in this 
way a direct communication of the observer with an inertial observer K(0) would be 
avoided. Indeed, as the distance between the observers increases, a communication 
between them becomes unlikely. In any case, such communication would introduce 
a delay that would practically forbid an autonomous spacetime navigation, and 
hence the possibility of correcting the trajectory in short decisional times. The 
formulas given here allow an autonomous navigation of the non-inertial observer 
(spaceship). 

The comoving laboratory should be provided with an accelerometer and three 
orthogonal gyroscopes that time by time correct their own orientation so that the 
last one (the direction ed+i) points always towards the opposite direction of a given 
star in the night sky sphere (the light from the star determines the null direction 
n). The correction must consist in infinitesimal rotations along axes perpendicular 
to ed+i- If not corrected the gyroscopes would give a Fermi- Walker transported 
frame. In other words a suitable onboard instrumentation can reproduce without 
difficulties a lightlike transported frame (coincident up to a reorientation to the co- 
moving Fermi- Walker transported triad). The measured acceleration can therefore 
be projected on the gyroscopic directions to obtain a d+1 (r) and a b (r). Given the 
acceleration history, the non-iniertial observer can recover the coordinates x^ (r) by 
integration using the above formulas. As far as we know, the analytical solution to 
the reconstruction problem provided here represents the only one available for the 
case d > 0. 

3.3. Motion reconstruction from projection and meaning of the action. 

In this subsection we consider another kind of reconstruction problem. This time 
we assume to have given the shadow motion of K(t)'s origin on K (0)'s screen and 
r(t) (or alternatively the frequency ^j^j = e~ r ^). Then, K(r(t)ys origin in K (0)'s 
coordinates is (with a dot we denote the differentiation with respect to t) 



(59) x»(t) 



III 



t e 2 ''C') + l A ,, , ft 1, 



., -Mt' + J \x a x a dt' 
x a {t) 



This equation gives a meaning to the classical action as it shows that J Q ^^§r^SF^' 
represents the coordinate x d+1 {i) of K(t)'s origin if K(t) £ Sufed+i) (hence r = 0), 
given the shadow worldline x a (t) of K (r)'s origin. 

3.4. Differential aging from acceleration. In this section we generalize to ar- 
bitrary spacetime dimensions (d + 1) + 1, a formula for the differential aging in 
terms of the acceleration history given by the author in j2S] for the d = case. By 
differential aging A we mean the difference between the proper time T needed by an 
inertial observer to go from x M (0) to x^ (r) and the proper time r of the non-inertial 
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observer that follows the trajectory x^{t). It is well known that T(t) > t where 
the equality holds iff x^(t) is a straight line, however, an explicit formula for T or 
A = T — t, in terms of the acceleration history is in general difficult to obtain. The 
above results lead to 

T 2 -t 2 = VV[ [ T e- r ^dT'}[[ T e-^ T ">a a a a dT'} - [ T e"^ Vdr'] 2 } 
0=1 Jo Jo Jo 

(60) +{[ f e- r ( r ')dr'][ f e'^'W'] - r 2 }, 

Jo Jo 

where r and a are given by Eqs. (|54|l and (|56() . We did not use the sum-over- 
repeated-indexes convention to point out that the i-th term between braces on the 
right-hand side is, thank to the Cauchy-Schwarz inequality, greater than zero and 
vanishing iff a l (T r ) = for every r' E [0,t]. This observation leads to the expected 
inequality T > t, where the equality holds iff the acceleration vanishes. If d — the 
right hand side reduces to the last term and the formula reduces the the differential 
aging formula given in 125) . 

The expression for T given the shadow worldline x a (t) and r(t) reads instead 

(61) T 2 = t[ x a x a dt' -x a x a + t [ e 2r(t 'W. 

Jo Jo 

3.5. Position and frequency drifts. The last component of the non-inertial ob- 
server worldline (t) is 

1 rt 

x d+1 (t) = x d+1 (0) + - / [e 2r(t > - 1 + x a x a ]dt' 

2 Jo 

(62) = x d+1 (0) + \ f\(^-) 2 1 + x a x a ]dt>, 

2 Jo w '{t) 

where uj is the frequency of light going in direction ed+i as measured in the inertial 
frame K and u)'(t) is the frequency measured by the non-inertial observer. The 
relevance of this equation comes from its unexpected consequences. For instance, 
assume that the non-inertial observer stays very close to the last axis of K, so that 
~ |a; a | <c and the distance is given by |a; <i+1 | with a small error. Moreover, 

assume that u/ = u>. If x d+1 < the signal of frequency w could be thought as 
emitted by the non-inertial observer. The inertial observer measures the same 
frequency and in practice knows quite accurately the position of the non-inertial 
observer up to the value of coordinate x d+1 . From the fact that the frequency does 
not change her could be tempted to infer that x d+1 is constant in time as a velocity 
component along the axis would imply a Doppler effect. However, the previous 
formula gives 

x d+1 (t)=x d+1 {0) + - / x a x a dt', 
2 Jo 

which means that, due to the transversal motion, the position may drift along the 
last axis without any frequency change. In particular the drift is such that the 
coordinate x d+1 can only increase. Thus the knowledge of the transversal position 
of the non-inertial observer does not place a bound on the transversal velocities 
which are at the origin of the effect. Remarkably, transversal velocities are difficult 
to measure and hence the effect may be present in practical applications. 
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A related effect takes place if the second non-inertial observer is positioned near 
the last axis of K, i.e. ~ \x a \ <C at a fixed value of the coordinate x d+1 . 

Assume that x d+1 > 0, so that ui can be identified with the frequency of a wave 
emitted by K and received by the non-inertial observer. It could be naively expected 
that the measured frequency lu' is constant since the non-inertial observer is almost 
at rest, but differentiation of Eq. 162(1 gives 



y/l ~ X a X a (t) 

The transversal velocity can change the frequency without affecting the average 
position. 



4. From Poincare to Galilei invariance: particle collisions 

If a Poincare invariant physical phenomenon in (d+1) + 1-Minkwoski spacetime 
is projectable on Q then the projected phenomenon is Galilei invariant In- 
deed, the original physical phenomenon is invariant under the Poincare subgroup 
7i(ed+i) which means that the projection is invariant under the Galilei group 
Gal(d). The aim of these last sections is to show explicitly the Galilei invariance 
of the shadow of a relativistic collision. 

We choose an arbitrary inertial observer in S 0J (ed+i) of coordinates {x 11 } and 
consider a particle of worldline x )J '(X) and momentum p^ = drr^/dA. We are inter- 
ested on the lightlike projection x a (t) of the curve x fl (X) on the screen x d+1 = 0, 
where the projected curve is parametrized with the Galilean time t. The velocity 
of the shadow on the screen is 



da; 

(63) x° = 



P 



dt l-v d+1 pO-pd+l' 

Let us temporarily focus on a massive particle on M and then generalize the 
results to the massless case. The equation of motion for the free particle of mass 
to is obtained from Hamilton's principle in configuration space (see Eq. (|3ip) 



(64) = 6 /mdr = 51 mv / 2x d + 1 + 1 - x 2 dt 



t 

The momentum conjugated to x d+1 is the shadow mass 
(65) to = -n^ =p° -p d+1 . 

The last expression makes sense also for massless particles on M and it is invariant 
under inertial frame changes generated by IL(e<i + \). The cyclic variable x d+1 can 
be removed by using Routh's reduction Sect. 8.9]. On the reduced spacetime 
Q Hamilton's action principle holds where the new Lagrangian is replaced by the 
Routhian, i.e. a suitable Legendre transform of the original Lagrangian in which 
the conjugated momentum to is regarded as a constant. In our case the Routhian 
is 

TO . 9 1 r TO 2 _ . 
— X 2 h TO . 

2 2 to J 
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From this expression we deduce the shadow kinetic energy T, which has the same 
form as in classical mechanics, and the shadow internal energy / 

(66) T = fx 2 , 

, * l r m 2 

(67) / = - 2 [^+m}. 

With minor differences these identifications can also be found in 0. The internal 
energy depends on a parameter to which has no (shadow) kinematical interpreta- 
tion. Indeed, in classical non-relativistic mechanics the internal energy of a particle 
can not be expressed in terms of the mass alone as in special relativity. For in- 
stance, a body A composed by bodies B, C and a compressed spring has a total 
mass given by m>A = ms + rue- Nevertheless, if the particle A separates into B 
and C, the potential energy of the spring must be taken into account in the energy 
balance. It is therefore natural that a non-kinematical parameter to enters in the 
expression of the shadow internal energy. The fact that the above identification of 
kinetic and internal energy is correct will be confirmed in a moment when we shall 
study the conservation of energy. 

Note that in any case the potential energy is a constant and therefore it is irrel- 
evant in the variational principle. We conclude that the reduced action coincides 
with the classical action with the shadow masses provided by Eq. (|65|l . 

The shadow mass to = p Q —p d+1 is positive unless the particle on M is massless 
with momentum of direction n M , in which case it vanishes. This fact is coherent 
with the previous observation that those massless particles on M do not represent 
particles on Q but, rather, events. Analogously, the definitions of shadow kinetic 
energy and shadow internal energy generalize to massless particles on M. Indeed 
they can be directly expressed in terms of the covariant momentum p M 

, fi M rp ™ ■ 2 P a Pa 

(68) = ir x = 2 (P °- P ^r 

(69) I = i[^+m]=4[ n TO ' +p°-p d +i}. 
y ' 2 to 2 l p°-p d + 1 y F 1 

The shadow momentum can be obtained from Eqs. I|65|l and (|63|l 

(70) fhx a =p a . 
The energy reads 

rr , T ^ P a Pa 1 r 1T1 2 o d+lM 

(71) hi = T + 1 =-—R J7T + 7: \—R T7T +P — P ) = P ■ 

v ) 2p°-p d+1 2 l p°-p d+1 n 

4.1. Conservation of shadow mass, momentum and energy. Let us now con- 
sider a collision of N particles of momentum Puy i = X, ■ . ■ , N. From the collision 
N' final particles of momentum p'^y j = 1, ■ ■ ■ , N', emerge. The conservation of 
momentum in Minkowski spacetime reads 

N N' 

(72) E^) = E^«- 



The particle worldlines are geodesies that project into geodesies of Q: the shadow 
worldlines. These straight lines in Q collide. Subtracting Eq. (f?2"|l for \i = and 
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/i = d + 1 we obtain 

N N' 

(73) E™« = E™«' 

i=l i=l 

that is, the total shadow mass is conserved in the shadow collision. From Eq. I)72|) 
with [i — 1, . . . , d we obtain 

iV AT' 

( 74 ) £ = ^ mfoxfo , 

i=l i=l 

that is, the shadow momentum is conserved. The found conservation principles 
are characteristic of a non-relativistic system. Indeed they are consequence of the 
underlying Galilean symmetry. 

Let us come to the conservation of energy. Since the relativistic energy is con- 
served, from Eq. (|71|l we deduce that the shadow energy is conserved 

N N' 

(75) E B W=E^W- 

1=1 8=1 

In order to prove the conservation of shadow mass, momentum and energy we used 
four independent momentum conservation equations on M. Thus the obtained 
shadow conservation principles are equivalent to the original ones given by Eq. (17211 . 
However, there is an important difference. The internal energy in the classical case 
is not a kinematical observable contrary to what happens in the relativistic case 
where the energy of the particle can be inferred from the mass and the covariant 
velocity. In some interesting cases this unknown internal energy plays no role in 
the shadow collision. 



4.2. Conservation of shadow kinetic energy and massless particles. We 

give some definitions. An elastic relativistic collision in M is a collision (i.e. Eq. 
(17211 holds) in which the particle species are conserved, TV = TV' and m/j) = m 1 u\, 
i = 1, ... ,7V. An elastic classical collision in Q is a collision (i.e. Eqs. (|73|l and 
(|74H hold) in which the kinetic energy is conserved 

N ~ N' ~ I 

i=l i=l 

We shall say that a classical elastic collision is proper if the particle species are 
conserved N = N' , rh^ = fn'u\-, i = 1, ...,7V and the total kinetic energy is 
conserved 

From the expression of the shadow internal energy we obtain that the shadow 
of an elastic relativistic collision is a proper elastic classical collision provided the 
shadow masses are preserved in the collision, rh^ = ffi',^, i = 1, ... ,7V. 

Finally, let us consider the shadow of a collision in which the initial and final 
particles are massless. Since the sum of two non-collinear null vectors is a timelike 
vector, a collision of this form must involve at least two initial and two final particles. 
From the expression of the internal energy, / = m/2, we conclude that the shadow 
of a collision that involves only massless particles is a classical elastic collision. 
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4.3. The inverse problem. Suppose we are given the data of a collision on d + 1 
Galilean spacetime. In this section we want to construct a collision in (d+l)+l 
Minkowski spacetime such that the original collision can be regarded as its shadow. 
Thus assume that we are given numbers N, N', of initial and final particles, their 
(positive) masses and fn'u\ and their velocities x'^j. Assume the conser- 



vation of total mass 



N N' 



(77) =E ft (fl' 

i=l i=l 

and momentum 

N N' 

(78) = J2 "*«*(<) • 

i=l i=l 

We want to lift the collision to M in a way invariant under Galilei transformations, 
i.e. the lift to M must depend only on the collision on Q and not on the choice of 
Galilean frame on Q. We known that the kinetic energy Tu\ of particle (i) and the 
total kinetic energy T = y~]^ Tta , are not invariant under Galilean transformation. 
Nevertheless, the difference between final and initial kinetic energies is invariant 

N' N 

(79) AT = r T = £ -m' (i) xg - £ -fh^. 

»=1 i=l 

This fact can be easily checked using the conservation of Galilean mass and momen- 
tum assumed above. One should be careful because AT^) is not Galilei invariant. 
The quantity AT and the masses fh(i), rh'^y do not depend on the Galilean frame 
chosen. Assume that constants mu\ and ml ' u\ are given such that 

N m 2 N' ,2 

(so) 2AT = y___> 

i w i W 

By giving these numbers one fixes the (Galilei invariant) internal energy of the 
particles involved in the collision on Q according to the formula l|t)7|) . Clearly with 
this definition of the total energy is conserved 

N N 

(8i) E%)=E%)- 

Then the collision on Q is the shadow of a collision in (d+l)+l Minkowski space- 
time constructed as follows. The particles have masses ntu) (rn'm) and covariant 
momentum 



= \ mx \ = (E-m)(i) 





such that p^p^i) = —m^y With these definitions the total momentum is con- 
served. Now, we have to give some more data in order to fix the motion of the 
particles in M. Since we have fixed the momentum of the particles we have only 
to give the event of collision. It must be chosen in the null worldline that projects 
on the event of collision in Q. This gives one more real parameter. Once fixed 
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the motion of the particles is determined both forward and backward in time with 
respect to the instant of collision. 

Particularly interesting are the elastic collisions on Q, i.e. AT = 0. In this 
case, up to translations generated by Ai, there is a canonical f-lift from Q to M, 
-jj G [0, +00) obtained by setting — ~'fh(i) and analogously for m'(j). Indeed 
with this choice, due to the conservation of (shadow) mass, the constraint (|80|l is 
satisfied. The internal energy becomes Iu\ = rh(i), and (restoring c) we find 

that for /i = 1 it takes the usual relativistic form, rh^c 2 . 
There are two natural choices for l/fj, 

Lightlike 0-lift, — = mu\ = m'n) = 0: . The elastic collision on Q can be 



regarded as the shadow of a collision on M in which only massless particles 
of momentum 



(82) 




are involved. 

Timelike 1-lift, — = 1, — m^, ro'(j) = in'^y ■ The elastic collision on 
Q can be regarded as the shadow of a collision between particles of momen- 
tum 

™/ /x 2 + 2 



(83) ^ = ^1 2x 



,,, - — 

for which the shadow mass coincides with the mass. 

5. Conclusions 

Some classical aspects of lightlike dimensional reduction have been studied. The 
Galilean transformation property of shadows represents surely the most intuitive 
way to grasp the underlying mathematics. As an interesting consequence it gives 
to the Galilei group in 2+1 dimensions the status of exact physical symmetry once 
we agree that it should be applied to the transformation of shadows rather than 
to events (at least in absence of curvature otherwise even the Poincare group is 
broken) . 

Also, the emphasis made on the role of observers on the full spacetime M allowed 
us to recognize the usefulness of lightlike dimensional reduction for autonomous 
spacetime navigation. An important role was played by the concept of lightlikc 
parallel transport which we introduced twice, using a group theoretical definition 
or an equivalent differential geometric definition (in the appendix). 

In the last section we studied in detail the shadow of a relativistic collision. 
Apart from results that could have been expected in view of the existence of a 
Galilei quotient subgroup inside the Poincare group, a further interesting result was 
obtained which relates the masslessness of the particles involved in the collision to 
the conservation of kinetic energy in the projected shadow collision. 
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Appendix A. Lightlike parallel transport 

In this appendix we give a differential geometric characterization of the light- 
like parallel transport already introduced in section [3] by group theoretical means. 
The results of this section hold as well in a curved spacetime having a covariantly 
constant null vector field n, n^ u — (the direction of light). 

Consider a non-inertial observer on M, that is a timelike worldline 7(1") parametrized 
with respect to proper time, and an orthonormal frame {u — d Tl e{\ along it. The 
Fermi- Walker derivative V^ 1 ' 1 '' is a minimal modification of the covariant derivative 
Vtt, such that V^ w u = 0. A vector field v^(t) along 7 is Fermi- Walker transported, 
\7^ w v = iff its components with respect to the Fermi- Walker transported tetrad 
{u,ef w }, V^ w ef = do not change. As it is well know the condition of pre- 
serving the orthonormality, gives, for a generic v, 

(84) V u ^-Vf% = n£?V, 

where Sl^^ is a 2-form on 7. The minimal modification which leads to V^^u = 
is then the choice 

(85) £1™ = u^a u - UvO,^. 

Analogously we are looking for a lightlike covariant derivative along 7 which 
measures the variation of the components of a vector field v with respect to the 
tetrad {u, ef } of a lightlike transported frame. Here the lightlike transported frame 
is such that the null vector field n has always the same components up to a factor 
that may change in time, i.e. the null vector field n has always the same direction 
with respect to a lightlike transported frame. Then, with respect to the lightlikc 
transported frame the vector n M / (n°up) has constant components and hence the 
further condition which defines the lightlike transported frame is f [n^/ (n^wg)] = 
0. Let us write 

(86) " = OjX, 

it is easily seen that the minimal modification of the covariant derivative which 
satisfies the said properties is obtained by defining 

(87) fi£„ = ■^-[a ll n v - a v n^ 

(88) = [u^av ~ u v a^\ + {a^Uv + " ]-a v [u^A tt— ]}. 

The last term represents the angular velocity required to preserve the direction of 
light n with respect to the comoving tetrad. 

Appendix B. Transformation of photon polarization vectors 

In this appendix we clarify the relation between this work and previous works 
on the transformation properties of the photon polarization vector. In particu- 
lar we investigate the relation between gauge transformations and transformations 
generated by M. 
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The electromagnetic field F^ v = 2d[ fl A„] in vacuum satisfies the Maxwell equa- 
tion F.^ = 0, that, in terms of the potential A^, reads 

(89) OA,i = d^{d ■ A). 

By construction this equation is invariant under gauge transformations A 1 ^ — A^ + 
d /1 a(x). In this section we are interested in solutions of the form (plane waves) 

(90) A„(x)=Re[e li e ik » x "} 

where k 1 * is a null vector and is a complex vector known as polarization (for a more 
general treatment with a complete spectral decomposition of the general solution 
and a momentum dependent polarization see |$0|). This plane wave satisfies Eq. 
(I89|) iff e v k u = which is the equivalent to the Lorentz gauge d- A = 0. The Lorentz 
gauge is invariant under the restricted gauge transformations such that a(x) satisfies 
Da = 0. In particular a(x) = Im[(7e**'* a! ], C G C, satisfies this condition and hence 
the transformation = + Ck^ comes from a restricted gauge transformation. 
In order to fix the ideas let us take fc M = ujti^ — ct>(l, 0, . . . , 0, 1). 

Choose an inertial frame. For suitable constants A, r £ C (r is the analog of t), 
the polarization can be uniquely decomposed in the form 

(91) e» = I e I = Xn" 

where e is the transverse polarization vector. We want to find out how the transverse 
polarization component e, changes under Lorentz transformations G{ed+i) that 
preserve the direction of n M . 

Formally, the problem considered here is very similar to the one considered previ- 
ously. However, there are some minor differences: (i) the group considered does not 
include the translations, indeed here we are are considering the subgroup G(ed+i) 
of the Lorentz group, (ii) despite the fact that there are no translations the gauge 
transformations play the role of the transformations generated by M. , in that they 
add to (the analog of x M ) an arbitrary quantity proportional to the null vector, 
(iii) here there is the additional Lorentz gauge condition n^e^ — which implies 
t = 0. 

Let us come to the solution of the problem. The transformation G M „ has the 
form given by Eq. Thus, if x'>* = G^x u 

(92) A'" = G^ V A V = Re[e' V^'"] 

where kg — e~ r kp and e' M = G^ v e v . From Eqs. we obtain the transformation 
of the polarization under the Lorentz transformation G^ v followed by a restricted 
gauge transformation of phase a(x) = Im{Ce' lk >* x ' i ] 

(93) A' = e- r \+T{e- r C-sinhr) -e- r a a R ab e b +Cuj, 

(94) t' = re r 

(95) e' b = R b c e c -Ta\ 6=1,2 

We see clearly that if A = then in general A' ^ 0, but A can be sent to zero 
with a suitable gauge transformation (choice of C). The condition r = implies 
t' = 0. In other words the existence of a invariant simultaneity in Galilean relativity 
(t' = e r t implies that the splitting of spacetime in 'simultaneity' slices t = enst. 
is independent of the frame) is related to the Lorentz invariance of the Lorentz 
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gauge condition (r = => r' = 0). We conclude that the splitting (|91|l is invariant 
even with r = A = provided the Lorentz transformation in G(ed+i) is followed 
by a suitable gauge transformation ^1 ^] . The effect of the transformation on 
e amounts to a rotation given by Eq. i|95|) with r = 0. Note that if r = and 
R a b — I a b , the parameter A changes while r and e do not. This fact led some 
authors ^1 llfil ^ EH] to the conclusion that the generators W a generate gauge 
transformations instead of Galilean boosts. 

In the study of the polarization and its transformation properties the group N 
of the previous sections is replaced by a subgroup of the restricted gauge trans- 
formations. The invariance of Galilean simultaneity, t — cnst, is replaced by the 
invariance of the Lorentz condition and, due to this same condition (r = 0), the 
Galilean group is not fully appreciated since it reduces to the group of rotations in 
a (i-dimensional Euclidean space. Indeed, the invariance of e under Galilean boosts 
(jSJ was noticed already in ^1] but, as we have shown, the role of the Galilei group 
could not emerge from studies of the polarization. 
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